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^— ( . Abstract 

f^ I We find a different method to compute the generating series in Shimura's conjecture 
CO ■ for Sp3, proved by Andrianov in 1967. Formulas for the Satake spherical map for Spg 
are used. 
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^ ■ 1 A formula for the numerator of the generating series of 

^3 ■ Hecke operators of Sp^ 

B ' 

We obtain the following formula for the polynomial P{v) of degree 6 in the numerator of 
the Hecke-Shimura generating series (see [An87], (3.3.72), p. 163; this series corresponds to 
^ '■ Dp{s) in [Sh], p.825): 

H ■ 



P{xo, Xi, X2, X3, v) = 

/sym2,i,i {p'^ + p + 1) symi^i,i symi,i^o\ ^ ^ 

= 1 - + 5 H ■■ — Xo V 

\ p p^ V ) 

H — (sym2,2,2 + sym2-2,i + sym2,i^i + symis,i) Xq v q-j 

_ f sym3^2,2 ip'^ +P+ l)sym2.2,2 -sym^i \ ^4 ^4 

\ p2 p3 p2 



. Sym3,3,3 6 6 

pi 



In this formula the notation synii-^j^^i^ represents the symmetric polynomial of three 
variables xi, X2 and 0:3 constructed in the following way: 

<7^Sn / Stab (2;^^ x^ x^ ) 

where the summation of permuted monomials x^^x^^x^^ is normalized using the stabilizer 
^Xdhix^-l x^2 "^^i) so that all coefficients are equal to 1 and ii > «2 > ^3 > 0. The total degree 
of the polynomial is ii + «2 + *3- Here Sn = Sz is the symmetric group that acts naturally 
on polynomials in n variables, where n = 3 in our case. For example 

sym^flfi = 1 
symififi = X1+X2+XZ 
symi^ifi = a;ia;2 + xix^ + X2Xz 
symi^i,i = a;ia;2a;3 

Many computations presented in this article were performed using Maple 9.50 (IBM INTEL 
NT). Symmetric polynomials syrrii^i^i^ (up to total degree 18) were computed using the 
coefficient of t of the generating function 

_[ J_ (1 + ^^ a(l)^ a(2)^ aCi)) = (-'-+ ^^1 ^2 ^3 )\^ + ^^1 ^2 ^3 ) 

x{l + tx^x^xf){l + tx'^x^xl^){l-\-tx'^x^xf){l + tx'^x^x'^), 

where ii = 0, . . . , 6, 12 = 0, . . . , ii and ia = 0, . . . , i2- Then it is normaHzed by dividing out 
its leading coefficient. 

Let us state our result directly in terms of the Hecke operators for the symplectic group 
Sp„, defined at p. 142 of [An87]. Consider the group of positive symplectic similitudes 

S = S" = GSp+(Q) = {M e M2„(Q) | 'MJ^M = ^x{M)J^, ^i{M) > 0}. (2) 

For the Siegel modular group T = Sp„(Z) consider the double cosets 

(Af) = FMF C S, (3) 

and the Hecke operators 

T(a)= J2 W' (4) 

MeSD„(a) 

where M runs through the following integral matrices 

SD„(a) = {diag(di,-- • ,d„;ei,- • • , e„) | djld^+i, (i„|e„, e^+ijei, diCi = a}. (5) 

Let us use the notation 

T(di,-- • ,d„;ei,- •• ,e„) = (diag(di,- •• ,d„;ei,- •• ,e„)). (6) 

In particular we have the operators (see p. 149 of [An87]): 

T(p)=T(l,...,l,p,...,p), (7) 

n n 

T,(p2) = T(l,--- ,l,p,--- ,p,p^•••,p^p,■•• ,p), fori = l,2,---,n. (8) 



Then their images by the spherical map fl are given at p. 159 of [An87]: 

n n 

0(T(p)) = a;on(l + Xt) = '^xoSj{xi,X2,-- ■ ,Xn), (9) 

1=0 j=o 

n{T,{p^))^ J2 /("+''+'^smJ,(a-^,a)x§c.(^„,fc). (10) 

a+b<n,a>i 

(jEn^a-b \ \ 

pEa is a Hecke operator for GL„, and the coefficient 

V P'Ebj) 

smp(r, a) denotes the number of symmetric matrices of rank r and order a over the field Fp. 
This coefficient is evaluated at p. 205 of [An87]: 

smp r, a) = smp r, r — — — — , (11) 

(t)r{P)<Pa-r{P) 

with (j)r{x) = [x — 1)(.T^ — 1)-. . .•(x'" — 1) for r > 1, and (f)o{x) = 1. 

In particular, we have in the case n — 'i that 

^(T(p)) = 2^0 (sy'Tii 1 + syrrii + symi 1 1 + 1), 

2^0 (P^ - 1) sym^, 1, 1 x^ sym^^ 2, 1 , ^o sy'^2, 1, 



f7(Ti(p^)) 



p"^ p p 



X, 



o(p- l)(3p^ + 2p+l)s2/mi 1 1 xl{p^ -\)sym^^^Q x§ syrrij^g^^ 



pi pi p ' 

0(T2(p2)) ^ pOsmp(0, 2)a;2c^(7r2,o) (12) 

+ p''smp(0, 2)xluj{Tr2,i) + p"smp(l, 3)a;o^(7r3_o) 
= xluj{t{l,p,p)) + p'^xluj{t{p,p,p'^)) + smp{l,3)xluj{t{p,p,p)) 
= p^^xlsyTnisfl +P^^xlsym2s.i +P^^{p- l)(p^ +p+ l)xlsymis,i, 
0(T3(p^)) =p°smp(G, 3)xoa;(7r3,o) ^p^^xlxiX2X3 = p^^xlsymis,!, 

because of the equality (11) with a ~ 3,r — 1 implying smp(l, 3) = (p — l)(p^ + p + 1). 
Consider the polynomial Qsiv) defining the spinor zeta function Z{s) of genus three: 

Q3iv) = (13) 

(1 - xow)(l - a;oa;iw)(l - a;oa;2w)(l - xqXsv) 

(1 - a:;o2;ia;2w)(l - a;oa;ia:;3i;)(l - a:;o2;2a;3w)(l - a;oa;ia;2a;3w)- 

Following the proof at p. 159 of [An87], threre exist Hecke operators tj G £<z with £<z = 
Z[T(p),Ti(p2), . . . ,T„(p2)] such that 

2" 

2j^(tj)w^ = (3n(w) = (1 - xov){l - a;oXiw)(l - a;oX2w)-. . .-(1 - xoXia;2-.. .-Xnw). (14) 
j=o 

Let us consider the series R„(w) = X^fco '^(^'')"'' '= '^z|^'] and the polynomial Q„(w) — 
^ - Q tjW-' over the Hecke ring £jz. 



It was established by A.N.Andrianov, that there exist polynomials P„(ti), Q„(w) such 
that 

R„(.)=f: TbV = M;|, (15) 



(5=0 



Qn(w)' 



with the above polynomial Qn(w) — X^i^o ^i'^^ of degree 2", and such that P„(w) — 2_, ^j^"' 

is a polynomial of degree 2" — 2 with the leading term (— l)"-ip"("+i)2" -« [p]2" -i^2"-2 
(as stated in Theorem 6 at p. 451 of [An70] and at p.61 of §1.3, [An74]). In the following 
theorem we denote by [p]„ = (pi?2n) — T„(p^) the element (3.4.48) in [An70]), so that 

Q([p]„)=p-"("+i)/2x2xr....a;„. 

Theorem 1.1 (see also [An67]) If n = 3, there is the following explicit polynomial pre- 
sentation: 



where 

P3(i;) = l-p^ (T2(p2) + (p2 -p+ l)(p2 +P+ l)[p]3) „2 ^ (p+ 1)/T(p)[p]3«3 (17) 

-/[p]3 (T2(p2) + (p' -P+ l)(p' +P+ l)[p]3) v'+p''[p]lv' e £zH. 

Remark 1.2 It was pointed out to the first author by S.Boecherer, that difficulties in the 
problem of analytic continuation of the spinor L-function of genus 3 could come from the 
polynomial 'P-i{v). Indeed, this is clearly indicated by Kurokawa's paper [Ku88], Theorem 2 
in the case of the Siegel-Eisenstein series of genus 3. A similar polynomial is discussed in 
the paper of Maass [Maa76]. 

2 Explicit form of Shimura's conjecture for Sp^ 

Our result gives a complement to the solution of Shimura's conjecture by A.N.Andrianov in 
[An67] (see also [An68] and [An69]). This conjecture was stated in [Sh], at p. 825 as follows: 

"In general, it is plausible that Dp{X) — E{X)/F{X) with polynomials E(X) 
and F{X) in X with integral coefficients of degree 2" — 2 and 2", respectively" 

{i.e. with coefficients in £-z = Z[T(p), Ti(p^), • • • ,T„(p^)]). 

Theorem 2.1 (see also [An67]) If n = 3, one has the following explicit polynomial pre- 
sentation: 

Q3{v) = l-T{p)v (18) 

+ p(Ti(p2) + (p2 + i)T2(p2) + il+py-p^T{p) {T,{p') + [p],y 

+ /( - 2pTi(p2) [p]3 + T2(p2) - 2{p - 1) T2(p2) [p]3 

- ip' + 2p-l)ip'-p+l){p'+p+l)Ml + [phT{p)'y 

-p'[p],T{p){T,{p^) + [ph)v'^ 

+ p" [p]2 (Ti(p2) + (p2 + l)T2(p2) + (p2 + l)2[p]3) „6 

-p''[p]lTip)v' + p^^[p]tv'efiM. 



Proof follows the same lines as that of Theorem 1.1. We compute an expression for r^(Q3('y)) 
in terms of syrrii^^i^^i,^: 

^(Q3(w)) = 1 - Iq (■sy'Tii 1 1 + sym-^-^Q + sym-^j^Q + l)v 

+ ^l (4 sym^^ 1^ 1 + sym^^ o, o + 2 sym^^ i, i + 2 sym^^ ^ q + sym^ ^ g + sym^ 2, i) "^^ 
-a;^(sym3 1 1 + sJ/'tIi ^ g + 4 symj^a. 1 +4s2/?ni,i,i + s2/n^2, 1.0 + «2/"^2,2,o +4s2/?n2,2,2 
+ SJ/^^S, 2, 2 + s2/'^3, 2, 1 + 4 ^V'^2, 1, i)^'^ + 2:0 (s2/"^3, 1. 1 + ^V<^\.. 1. 1 + ■52/'^3, 3, 1 
+ •S2/"^4, 2, 2 + 2 symj^ 1.1+4 symg^ 2, 2 + 2 sym^^ 2, 1 + S2/"^2, 2, + 8 symj^ 2, 2 (19) 

+ 2 symg^ 3^ 2 + s2/"^3. 3, 3 + 4 s?/?n2^ 2, 1)"" - 2:5^ {sym^^ 3^ 3 + sym^ 3^ 2 + sym^^ 2, 1 
+ 4 sym^^ 2,2 + 4 .s?/m3^ 32 + 52/^3^ 3, 1 + ^ syvrij^^ 2,2+4 .s?/m3^ 33 + sym^^ 2,2 + s2/"^3, 2, 1 )^'^ 
+ ^l (2 s?/wi3^ 3^ 2 + «2/"^3, 2, 2 + 2 s2/??i4, 3, 3 + 4 sym^^ 3^ 3 + s?/m4^ 3^ 2 + s2/'^4, 4, 3) "^^ 
- Xq (s2/'7i4 3 3 + s2/m3 3 3 + sym4_4_4 + s2/?n4_4_3) i;^ + a;,^ sym^^^^^v^. 

Then we use the polynomial expressions (12) for the generators of the Hecke ring. Using 
these generators, we may look for a solution in the following form: 

QiQsiv)) - 1 - n{Tip))v + (i^Tip2^(Ti(p2)) + Kt2p2^{T2{p^)) (20) 

+ KT3p2n{[ph) + KTpTpn{T{p)f) V^ 

+ {KTpTlp2n{T{p)Ti{p^)) + KTpT2p2n{T{p)T2ip'')) 

+ KTpT3p2 0(T(p)[p]3) + KTpTpTpn{T{p)f)v^ 

+ {KTlp2Tlp2n{Tlip^)f + ifTlp2T2p2r!(Ti(p2)T2(p2)) 

+ KTlp2T3p2 r!(Ti(p2)[p]3) + /fT2p2T2p2f^(T2(p'))2 

+ i^T2p2T3p2 f7(T2(p2)[p]3) + ^T3p2T3p2 ^{[p]^) 

+ i^Tlp2TpTp r!(Ti(p2)T(p)2) + KT2p2TpTpn{T2{p^)T{pf) 

+ KT3p2TpTp n{[p]3T{pf) + KTpTpTpTp n{T{p))^)v^ 

+ r!(t5)f^ + 0(t6)i;^ + r!(t7)w^ + p"^ r!([p]3)%^ 
It is not too difficult to resolve the resulting equations in the indeterminate coefficients: 

KTpTlp2 = 0, KxpTpTp = 0, KTpT2p2 = -p^ , KTpT3p2 = -p^ , Kt2p2 = P^ + P, 
Kt3p2 = P(l + P'^)'^ , Kt1p2 = P, KxpTp = 0, KT2p2TpTp = 0, 

-f^Tlp2T3p2 = — 2p^, KT2p2T3p2 = — 2p'^ + 2p^, -RrTlp2Tlp2 = 0, KTlp2T2p2 = 0, 
KT2p2T2p2 — P , KTlp2TpTp = 0, KT3p2TpTp = P , KTpTpTpTp = 0, 
ifT3p2T3p2 = -/(p' + 2p - l)(p2 - p + l)(p2 +p + 1). 

Then we find the remaining coefficients ts, tg, t7 using the functional equation [An87], 
p.l64 (3.3.79): tg-i = (/[p]3)^"'t, (i = 0, • • • ,8), compare with formulas in [An67] and in 
[Evd]. I 



3 An identity involving Lu{t{l,p'^'^,p'^^)) and Q3{v 

The theory of Hecke rings for the symplectic group is developed in [Sh], [An87] and [AnZh95] 
(Ch. 3). At page 150 of [AnZh95] we have the following identity for the spherical map 

oo 

(5=0 
oo 

S=0 0<Si<---<S„<S 

This identity for formal generating series of elements of Hecke ring allows to reduce 
computations in the local Hecke rins of the symplectic group to computations in polynomial 
rings by applying the spherical map O to elements T"(p'') G L^{q) of Hecke ring for the 
symplectic group or spherical map u to elements t{p^^ , ■ ■ ■ ,p^") = X^i ^j{^9j) ^ Lq{A", Gp) 
of Hecke ring for the general linear group. Detailed definition of spherical maps for Hecke 
elements as well as definitions and a structure of left cosets Agj and Hecke pairs A", G" can 
be found in [AnZh95] chapter 3 paragraphs 2 and 3, see also [An87] chapter 3. For generating 
elements ni{p) = 7r"(p) = (diag(l, . . . , l,p, . . . ,p)) with 1 on the diagonal listed (n — i) times 
and then p Hsted i times {I < i < n) the images elements under the map uj — lj^ are given 
by the formulas 

'^(Kip)) = P"^*^Sz(a;i, . . . , Xn) (1 < i < n), 

where 

l<ai<---<ai<n 

is the ith elementary symmetric polynomial (different then previously defined syirii^^i^^i^). 
For an arbitrary element t the map is defined by 

i 

Examples of computation for cases n — 1 and n — 2 are given in [Sh], at page 824, and 
in the book [AnZh95], at page 150: 

Ri{v) = [{1 - xov){l - xoXiv)]-\ (21) 

R2{v) = [(1 - a;oi;)(l - a;oa;ii;)(l - a;oa;2i;)(l - 0:0X1X21')]"' (l - ^o^l^3lS\ . (22) 

In this paper we consider n = 3. Acting analogously to the case n = 2 let 



52 = Si + S[ 

53 = Si + s'2 
S = Si+S' 

s'^s'2 + 13 



(23) 



where < (5^ < (5^ < (5', /? > 0. Then 

(5i>0/3>0,0<(5;<(5^ \ P / 

(5i>0/3>0,0<(5;<(5^ 

(5i>0/3>0 0<(5;<(5^ 

= [(1 - xov){l - xoXiX2X3v)]-^ Y. ^(i(l,p's/^)>''^+'ka;o«)'^ 

0<S[<S'2 
= [(1 - Xav){l - XoXlu)(l - X0X2W)(1 - XoX3u)(l - XoXlX2w)(l - X0X1X3U) 
X (1 - XoX2X3w)(l - XoXiX2X3v)]~^P3{v) 

Here P3(w) denotes a polynomial of degree 6 as stated in the Theorem 6 (page 451) of [An70]. 
This rational polynomial presentation is proved in [An69] for Hecke series and C-functions of 
the groups GLn and SPn over local fields. Further theory and applications were developed 
for genus 2 in the work [An74]. 
It follows that 

P^iv)^ J2 u:{t{lj'^,/^))p^''^+''^{x^vf^x (24) 

0<<5;<<5^ 

X [(1 - a;oa;iw)(l - .Toa;2w)(l - xoX3,v){l - .toXiX2w)(1 - xoXiXzv){l - X(iX2X:iV% 

and our main result follows from the explicit computation of the coefficients uj{t{l,p^'^,p^^)) 
given in the next section. 

4 A computation for the images of the Hecke operators 
under the spherical map 

The formula for P3 is obtained using the following computation for the images uj{t{l,p^'^ , p^^)) 
of the Hecke operators under the spherical map for the group A = GL3{Z). Note that the 
notation O used in the article [An70] corresponds to lo in our formulas by the substitution of 
xi by xi/p, X2 by X2/P and X3 by x^/p. We used formula (1.7) for fl at page 432 of [An70] 
and adopted it for oj. In the notations of that article we have that W is the group Sn = S3, 
the set S — {(1, —1, 0), (1, 0, —1), (0, 1, —1)}, q — p and A = (0, 61,62)- The expression for 
the polynomial c(x) from [An70] takes the following form 

f X (3^2 - Xl/p){x3 - Xl/p){x3 - X2/p) 

C(XI,X2,X3) = . 

(X2 - Xl)(X3 - Xl)[X3 - X2) 

In the case of n = 3 we have 28 different possibilities for u}{t{l,p^^ ,p'^^)), which we only need 
in order to compute the polynomial P^iv) of degree 6: 

1) c^(t(l,l,l))-l 



2) c.(t(l,l,p)) = f^!!^ 



3) to{t{l,p,p)) 



p3 



4) o.(t(l, l,p )) = -^ + ^2 

5 w t l,p,p'^ = g '— + j-^ 

pb p4 

6 uj{t{l,p^,p^)) = ^ '— + g^- 

p' p° 

„, ,^,, , 3,, (15^-2^+1)52/^111.1 {V^ - P) svm2.i.o , s2/"i3,o.o 

7 w(i 1, l,p'' = g H = — + J— 

„, ,^,, 3,, (2p-2)sym2.i,i (p - 1) s2/?"2.2.o , s2/"i3.i „ 

8 uj{t{l,p,p-')) = g ■■ — + — + r— 

p° p° p° 

„, ,^,, 2 3^^ (2p-2)s2/m2.2.i , {p-l)sym^^^ sym^^.o 

9 w t l,p^p^ = g — + g -^ + ^— 

,^, ,^,-, 3 3,, (p^-2p+l)s?/m2.2,2 , {P^ - P) sym^2.i , S2/"^3.3.0 

10) ^(i(l,p^p^)) = ^j^ — + -^^ + ^9 

,,x .,.-, , 4.. (l'^-2p+l)s?/m2,i.i {P^ - P) sym^^^o (p^ - p) sym^^f^ 

11) w t 1, l,p'i = — + — + '-^ 

p° p° p° 

synu^ofi_ 

P' 

12) ^(t(l,p,p4)) = ' , , 

pS p» p« 

p6 

,^, ,,,-, 2 4^^ (-4p2 + 3p3 + 2p-l)s?/m2,2,2 , (2^^ - 3p2 +p) sym3 2,1 

13) u;(i(l,p^/)) = -^^ + -^^ — 



{2p'^ -3p+ I) sym^ ^2,1 , i'^p'^ - '2p) sym^-^^^^ {p'^ - P) sym^^^o 



(P -p)sym^^Q (p^ - p^) sym^^^^ sym^^fi 



pii pii 



, ^ f,2 q^ I i\„„,^ tO„2 o„^„o,^ (-^2 

14) ^(t(l,p3,p4)) _ ' , , 



(2p2 _3p+i)sy,7i3 2,2 , {'^P^ -'^P)sym^r^-y {p'^ - p) sym4 2,i 



p,. p,. p, 

sym^.Q 



pio 



15) u;(t(l,p4,/)) = 



(p^ - 2p+ l)s;/m3 3 2 (p^ - p) sym42.2 (p^ - P) ^^^4 3 1 

14 ' „14 ' „14 



5?/"t4,4,0 
pl2 



16) w t 1, l,p'' = = \ = '■ — + = '-^ 

p' p' p' 

{p^ - p) 5ym4 1 gyms 



p7 p5 



,„, ,_,,, 5,, (2]5^ -4p + 2) 52/^2.2.2 , (2p^ -3p+l)sym3 2,i (p^ - p) symg 3 o 

17) w(t(l,p,p=')) = — + + 

pj pit pit 

(2p^ - 2 p) 5^/^4 11 {P^ - P) sym,^.2,Q sym^j^o 

p9 p9 p7 



,„, ,,,, 2 5^^ (3p^-5p2 + 3p-l)syr7i3 2.2 , {2p^ - Ap^ + 2p) sym^^^ 

18) w t l,p^p5 = '— + ^— 

(2p^ -3p^ +p)sym^^2,i JP^ - P'^) sy^4,3fi JP^ - P^) sy^5,i.i ''^y™5,2,o 

,„, ,,,, 3 5,, (3p3-5p2 + 3p-l)syr«3 3 2 (2p3_4p2_^2p)5J/m4_2,2 

19) c^(t(l,p^p5)) ^ _ _ + _ 

(2p^-3p^+p)sym43i (p^ -p^)s?/m44o {p^ - P^) sym^^.i symr,^^ 

pli + pl4 + pl4 + pll 

^„, ,^,-, 4 5^x (2p^-4p+2)s2/m3 3 3 (2p2 - 3p + 1) s?/m4,3 2 

20) w t l,p^p=' = j3 — + — 

(2p^ -2p)s?/m4 4i {P^ - P) sym^.2,2 JP"^ - P) syrrir,;^-^ sym^^^^^ 

fY-il-O rt-ii-O fy-ii-O i>-jXO 

„,x .,.-, 5 5^^ (P^-2p+l)s?/m4 3 3 (p2 -2p+l)s?/m4 4 2 {p^ - p) sym^^^ 

21) w i l,p^p'' ) = j^ -^ + p^ — + j^ ^ 

pi- 1 pi I pi- 1 

(p^ -p)sym^^^^ sym^,^^^ 

pl7 pl5 

^^. ,_,,-, , 6^^ (P^ -2p+l)s2/m2.2.2 , (p^ - 2p + 1) 52/77232,1 , (p^ - p) 52/77133 

22) w t 1, l,p'' = — + '— + — 

pS p» pS 

(p^ -2p+l)syrw4i 1 (p^ - p) sym^^fi (p^ -p)s7/m5 ^o sym^QQ 

p8 pS p8 p6 

^^. ,_,,-, 6^^ (2p2 -4p + 2)s7/m3 2,2 , (2p^ - 3p + 1) 57/7773 31 

23) ^(t(l,p,p'')) = -^^ — + -^ 

(2p^ -3p+ 1)57/77742,1 (p^ - p) sym^;^f) (2p^ - 2 p) 57/7775 ^^ 
~'^ pio ^ pio ' jjlO 

(p^ - p) 57/7775 2,0 gy"7gio 

^,, ,_,,-, 2 6^^ (3p^-6p2 + 4p- 1)57/777332 (3p3 -5p2 + 3p- 1)5^77742,2 

24) w t l,p^p'' = — + '-^ 

pi-i pi-6 

(2p^ -4p^ + 2p) 57/7774 3 1 (p3 -p'^)sym^^Q (2p^ - ip^ + p) sym^^,! 

pl3 pl3 pl3 

(p'^ - p'^) 57/7775 3 (P'^-P^)g?/"^6,1,1 ^^"^6,2.0 

„13 -„13 -nlO 



i*^Xo ^l-O ^-lU 



^oj ^\t\^-,P ,P )) - -^ \ -^ 

(2p^-4p^ + 2p)s?/m44i {2p^ - Ap^ + 2p) sym^.22 C^P^ - ^P^ + p) sym^^^^ 

pl5 pl5 pl5 

(p-^-p^)sym5 4o JP^ - P^) syniQ^A sym^y^^g 

pl5 pl5 pl2 

(3p3-6p2 + 4p- I)s2/m4 3 3 {3p^ - 5p^ + 3p - 1) sym^^^ 

26) W(i(l,p^p'')) = p^ + :p^ — 



p.. p. 

(2p^ -4p^ + 2p)s?/m5 3 2 (2p^ - 3 p^ +p) 5^/^54 ^ (p^ - p'^) sym^,,Q 

' 17 17 17 

pi( pi( pit 

{p^ - P^) syrriQ^a {p^ - p^) sym^^^^^ symf^^p 
pi7 + pl7 + pl4 

^„, ,^,, 5 6^^ (2p^-4p+2)s2/m4 4 3 (2^2-3^+1)52/^^33 
27) ^(^(1,^^^")) = — g + — — 



p^° pi 

(2p2 _3p+l)syr,^g^^2 , (2p2 _2p)s2/m5 5^i ip'^ - P) syrriQ^ 



2 



^18 TJ T) 



(p2 -p)5yme4i symggo 
pi8 + pl6 



28) ^(t(l,p6,/)) 



(p2 - 2p+ l)5?/m4 4 4 (p2 -2p+ l)5?/m5 4 3 
,20 ' „20 



(p2 - 2p + 1) symg 5 2 , (P^ - P) S2/"^6,3,3 , (P^ - P) S2/"^6 



p20 p20 p20 

(p2 - p) gj/mg 5 1 sy^Tiggp 

"*" p20 ~'~ pl8 ' 

Note that Rhodes, J. A. and Shemanske, T. R. developed an alternative method of com- 
puting uj{t{p^^ , . . . ,p^")) in [RhSh], based on counting of certain left cosets in a given double 
coset (Theorem 4.3 of [RhSh]). 

5 A special case 

For some particular values of the Satake parameters xq, xi, X2, x^, the polynomial P3 can be 
considerably simplified. For example, let us substitute xq ~ 1, xi ~ p, X2 = p'^ and 2:3 = p"^ 
as in Exercise 3.3.40, p. 168 of [An87]: P„{v) := P{l,p,p'^,p^,v), where i^ denotes the degree 
homomorphism ^^(cco) = 1, i^(xi) — p, i^{x2) — p^, i^ixs) — p^. Then the polynomial P takes 
the form 
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,2 



h (p +p+l)p -\ 

P P 



5 1- (P + p + 1) p H 5 w + p w 

p^ p^ J 

= l-(/ +/ +2/ +p^ +2/ +p3+p2^^;2 

+ (p" + 2/° + 2p^ + 3/ + 3/ + 2/ + 2/ +/) w^ 
-(pi3 +pi2 +2p" +pi° +2/ +/+pV+pi5^;^ 

This gives the following factorization: 

Pi,{v) = {l-pv){l -p^ v) (1 -p^ v) (1 -p'^v) (1 +pu+p^i;+p^i;+p'*w+p''^w^). 
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